We consider the mean curvature flow of a closed hypersurface in the complex or quaternionic projective space. Under a suitable pinching assumption on the initial data, we prove apriori estimates on the principal curvatures which imply that the asymptotic profile near a singularity is either strictly convex or cylindrical. This result generalizes to a large class of symmetric ambient spaces the estimates obtained in previous works on the mean curvature flow of hypersurfaces in Euclidean space and in the sphere.
Introduction
We consider a family of closed hypersurfaces M t evolving by mean curvature flow in a Riemannian manifold. We are interested in the singular behaviour of the flow. More precisely, we want to describe a class of initial data which develops singularities whose blowup after rescaling is either strictly convex or cylindrical.
When the ambient space is Euclidean, Huisken and Sinestrari [HS2] showed that the above property holds provided the evolving surface is 2-convex, i.e., the sum of the two smallest principal curvatures is strictly positive. This result is obtained by means of apriori estimates on suitable functions of the principal curvatures, called cylindrical estimates. An alternative proof of this result has been later given by Haslhofer and Kleiner [HK] . Recently, H.T. Nguyen [Ng] has considered mean curvature flow in the sphere and proved cylindrical estimates under a pinching assumption which is related to 2-convexity, but which is less restrictive in the regions with small curvature. In addition, cylindrical estimates have been obtained for suitable classes of nonlinear curvature flows by Andrews and Langford [AL] in Euclidean space and, more recently, by Brendle and Huisken [BH] in arbitrary Riemannian ambient spaces.
In this paper, we prove cylindrical estimates for the mean curvature flow when the ambient space is the projective space over either the complex field C or the algebra of quaternions H, under a pinching assumption as in [Ng] . More precisely, let KP n (4c) be the n-dimensional projective space with K = C (resp. K = H) having real dimension 2n (resp. 4n) and sectional curvature between c and 4c for any given c > 0. We set m = 2n − 1 (resp. m = 4n − 1) to denote the dimension of a hypersurface M in KP n . We denote by λ 1 ≤ · · · ≤ λ m the principal curvatures of M, by H the mean curvature and by |A| 2 the squared norm of the second fundamental form. Our main result is the following.
Theorem 1.1 Let n ≥ 4, and let M 0 be a closed real hypersurface of KP n (4c) that satisfies
Then the mean curvature flow with initial data M 0 develops a singularity in finite time T max and condition (1.1) holds on M t for any 0 ≤ t < T max . Moreover, for every η > 0 there exists a constant C η that depends only on η and M 0 such that
everywhere on M t , for any 0 ≤ t < T max , for a constant Λ that depends only on the dimension.
Taking into account the convexity estimate of [HS1] , the above theorem shows that at those points where the curvature is large the local shape of the hypersurface is either uniformly convex or cylindrical. Our result, together with the one of [Ng] , gives a fairly complete picture of the cylindrical estimates for the mean curvature flow in an ambient manifold which is a compact rank one symmetric space.
It is interesting to compare the pinching assumption (1.1) with the hypothesis of 2-convexity used in [HS2, HK, AL, BH] , which means that λ 1 + λ 2 > 0. It is easy to see that, at least at a pointwise level, the two properties are not comparable. On one hand, in fact, (1.1) is satisfied at any point where the curvatures are small enough, regardless of the sign of λ 1 + λ 2 . On the other hand, (1.1) may be violated even at points where all λ i 's are positive but not enough close to each other, as simple explicit examples show. However, there is a relation between the two properties at the points with large curvature: as we show in (4.6), at such points the pinching condition (1.1) implies 2-convexity.
As in [HS2, Ng] , using the cylindrical estimate it is possible to prove a pointwise bound on the gradient of the second fundamental form as follows. Theorem 1.2 Under the hypotheses of the previous theorem, there is C > 0 depending only on M 0 such that
everywhere on M t , for any 0 ≤ t < T max .
The interest of the above results lies in possible applications to the construction of a generalized curvature flow after singularities by means of a surgery procedure. In fact, the estimates of the present paper and the ones of [Ng] , together with the arguments of Section 8 in [BH] , suggest that a flow with surgeries similar to the one of [HS2] should exist also for the hypersurfaces in CROSSes satisfying the dimension restrictions and the pinching assumptions stated here. This would imply that any such hypersurface is diffeomorphic to a sphere S m or to a finite connected sum of S m−1 × S 1 . It should be remarked that the present analysis relies on the special structure of the ambient space considered. For a general nonsymmetric ambient manifold, the nonlinear flow recently introduced in [BH] appears to be a more powerful tool for the study of 2-convex hypersurfaces. Nevertheless, the pinching condition (1.1) retains an independent interest beside 2-convexity, and it can lead to sharper results in symmetric spaces, as suggested by specific examples, see §3.2 in [Ng] .
The methods of this paper are inspired by the above quoted papers [HS2, Ng] and by Huisken's earlier work [H3] on the mean curvature flow on the sphere. However, since the ambient spaces considered here are no longer space forms, the study presents additional difficulties, which lead to the dimension restriction n ≥ 4 in our main theorem. We have also used a new argument for the lower bound on the polynomial Z defined in (4.1), see Lemma 4.2, which simplifies the corresponding step in [Ng] , see Lemma 6.2 in that paper. In general, in our exposition we shall focus on the statements which require new arguments, and refer to the previous literature for the rest.
Preliminaries
Let F 0 : M → M,ḡ be a smooth immersion of a closed connected real m-dimensional hypersurface into a Riemannian manifold and let ν be a normal unit vector field. In addition, let g be the metric on M induced by the immersion and let A be the second fundamental form. We denote by g ij and h ij respectively the components of g and A in a given local coordinate system, and we call λ 1 ≤ · · · ≤ λ m the principal curvatures of M. Then the mean curvature H associated with the immersion is H = λ 1 + · · · + λ m , and the squared norm of A is given by
m . In addition, we denote by
H 2 the squared norm of the trace-free second fundamental form; then we have
We denote by M t = F (M, t) the evolution of M 0 at time t. It is well known that this problem has a unique smooth solution up to some maximal time T max ≤ ∞. Moreover, if T max is finite the curvature of M t necessarily becomes unbounded as t → T max and we say that the flow develops a singularity.
The ambient manifolds that we consider in this paper are M = CP n , the complex projective space, and M = HP n , the quaternionic projective space. They belong to the class called Compact Rank One Symmetric Spaces (CROSSes). An excellent introduction to these spaces can be found in chapter 3 of [Be1] , here we recall the properties needed for our purposes.
Let K be either the field C or the associative algebra H and let a be the real dimension of K, that is a = 2 if K = C, while a = 4 if K = H. We denote with S n (c) the ndimensional sphere with the canonical metric of constant curvature c > 0. The action T : S a−1 (1) × S na+a−1 (c) → S na+a−1 (c), (λ, z) → λz is by isometries and acts transitively on the fiber. KP n can be identified with S na+a−1 /S a−1 . The Hopf fibration is the map π :
, where [z] is the class of z under the action T . The Riemannian metric that we consider on KP n is the one induced from the metric of S na+a−1 (c) such that π becomes a Riemannian submersion. For K = C this is the well-known Fubini-Study metric.
Notation 2.1 We denote by KP n (4c) the K− projective space endowed with this metric. For simplicity of notation, we restrict ourselves to the case c = 1 throughout the paper, and write KP n instead of KP n (4).
The metric defined in this way has positive bounded sectional curvatures. In fact, if X and Y are two orthogonal unit vector tangent to KP n , Theorem 3.30 of [Be1] shows that K(X, Y ), the sectional curvature of the tangent plane spanned by X and Y , is
where |·| 2 is the norm induced by the metric, and pr Y K X is the projection of X on the tangent subspace Y K of dimension a. It follows that 1 ≤ K ≤ 4 and K = 1 (respectively K = 4) if and only if X is orthogonal (respectively belongs) to Y K.
We also recall that the CROSSes are Einstein manifolds. In the cases we are considering, the Einstein constant of KP n is r = 2(n + 1) = m + 3 if K = C,
The evolution equations of the main geometric quantities associated to a hypersurface evolving by mean curvature flow in a general Riemannian space have been derived in [H2] . We recall here the equations satisfied by H, |A| 2 and by the volume form dµ t .
Lemma 2.2 On a hypersurface evolving by mean curvature flow in a symmetric Einstein manifold we have
wherer is the Einstein constant of the ambient manifold.
Corollary 2.3 If M 0 ⊂ KP n is a closed hypersurface with positive mean curvature, then its evolution by mean curvature flow becomes singular at a time T max < +∞. In addition, M t has positive mean curvature for all t ∈ [0, T max [ . Proof. Let us set H min (t) = min Mt H. Using the evolution equation for H in the previous lemma and the inequality H 2 ≤ m|A| 2 , we find
Since H min (0) > 0 by our assumption, a standard comparison argument gives that H min (t) remains positive and blows up in finite time.
An important property in the analysis of singularities of the mean curvature flow of mean convex hypersurfaces are the convexity estimates proved in [HS1] . They can be stated as follows.
Theorem 2.4 Let F 0 : M → M a smooth closed hypersurface immersion with nonnegative mean curvature. Then, for any η > 0 there is a M η such that
The proof in [HS1] is done in the Euclidean case but, as observed there, it is easily extended to the case of a general Riemannian ambient manifold. Finally, we recall the following inequality relating |∇A| 2 and |∇H| 2 , which is independent on the flow and is proved in Lemma 2.2 of [H2] .
Lemma 2.5 Let M be an Einstein manifold and M a hypersurface of M of dimension m. Then at every point of M we have
(2.5)
Preservation of pinching
We begin the proof of Theorem 1.1 by showing that our pinching inequality is preserved by the flow. We first observe that, since we assume the strict inequality (1.1), by compactness we also have
everywhere on M 0 , where
for some ε > 0 small enough depending only on M 0 .
Proposition 3.1 Let M 0 be a closed hypersurface of KP n , with n ≥ 4. Then the pinching condition (3.1) is preserved by the mean curvature flow for any ε > 0 small enough.
Proof. Let us set
By Lemma 2.5, the contribution of the gradient terms in the above equation is nonpositive. In addition, as in the proof of Proposition 3.6 in [PS] , we can estimate
Thus we obtain
Using the definition of a ε , b ε and formula (2.3), we find
where we have also used the hypothesis n ≥ 4, which means m ≥ 7 and m ≥ 15 in the cases K = C and K = H respectively. Therefore
Then we can apply the maximum principle to inequality (3.4) and conclude that the inequality Q ≥ 0 is preserved under the flow.
Let us now define W = αH 2 + β, where α, β are chosen such that
In addition, we introduce the auxiliary function
where σ and η are two positive constants small enough. For simplicity we write f 0 = f 0,η . From our choice of α, β and Proposition 3.1 it is easily checked that
We now derive a differential inequality satisfied by f σ,η . In the rest of the paper, we denote by C 1 , C 2 , . . . positive constants depending on the dimension and the initial data, but not on η, σ provided they are small enough.
Proposition 3.2 There exists a constant σ 1 ∈ ]0, 1[ , depending only on M 0 such that at the points where f σ,η > 0
holds for all 0 ≤ σ ≤ σ 1 , for suitable constants C 1 , C 2 > 0.
Proof. Making similar calculations to the proof of Proposition 4.1 of [PS] we have
With the choice (3.5) of α and β we have f 0 < 1. Hence by Lemma 2.5
with C 1 > 0 by (3.5). We now consider the reaction terms. Using conditions (3.1), (3.5), (3.6) and the fact that f σ,η ≤ W σ , we find, for both choices of K,
Collecting the above inequalities, the assertion follows.
Cylindrical estimates
In this section we prove the following result, from which the main assertions of our paper follow easily.
Theorem 4.1 Let n ≥ 4 and M 0 a closed hypersurface of KP n . If M 0 satisfies conditions (1.1), then for any η > 0 there exists a constant C ′ η depending on η and the initial data such that
To prove the above statement, we will show that the function f σ,η introduced in the previous section is bounded. To this purpose, we follow the procedure first introduced in [H1] , which relies on integral estimates and Stampacchia iteration. We recall Simons' identity, see e.g. Unlike the case considered in [H1] , the polynomial Z can change sign under our assumptions. However, combining the pinching condition with the convexity estimate, we can prove the following inequality which shows that the negative part of Z is of lower order.
Lemma 4.2 Assuming the pinching condition (3.1) and H > 0, there is a constant γ, depending only on n and M 0 , such that for any η > 0 there exists a K η such that
Therefore, there are also constants γ ′ , K ′ η such that (4.4) 
